PMM U.S.S.R.,Vol.44,pp.574-581 0021-8928/81/5 0574 $7.50/0
Copyright Pergamon Press Ltd.198l.Printed in U.K.
UDC 531.36

ON THE STABILITY OF A NONAUTONOMOUS HAMILTONIAN SYSTEM
UNDER SECOND-ORDER RESONANCE®

A. P, IVANOV and A. G. SOKOL'SKII

The problem of the stability of the equilibrium position of & nonautonomous 21—
periodic Hamiltonian system with two degrees of freedom, in a nonlinear setting, is
examined in the case when the multipliers of the linearized system are equal and
correspond to a combination-type parametric resonance. The cases of prime and
nonprime elementary divisors of the linear system'’s characteristic matrix are
studied, Stability in a finite approximation, and formal stability or instability
of the equilibrium position are proved, depending on the coefficients of the
Hamilton function. Computation formulas are gquoted.

1. We consider a ncnautonomous Hamiltonian system with two degrees of freedom

dg, H dpy. Elis

e P - (1.1}
dt op, ' dt - o9, (k=1,2)
Let the Hamilton function H = H (g, py, t) be continuous and 2m-periodic in t; let it be
analytic in ¢ and pg in a neighborhood of the origin of the phase space of ¢, and py, the
origin being an equilibrium position of system (1.1); consequently, it is representable as
the Taylor series

H = H«z “F er + Hm + esy Hm == V‘+v‘+§:’_m=m k‘v’x\’zl&suz (i) q’:xq‘;zplihp‘};. , hvm,p,,pg (f + 23\'.) - hv;v_)gx,u, {t) (1. 2)

We write the linearized system of equations with Hamiltonian H,

0, E,

dxjdt = I ()%, x = (@ a0 pup)h I=|% & . h@+20=h() (L3

. hy=| 5

where O, and E, are the null and the unit matrices of appropriate orders. By X (f} we denote

the fundamental matrix of scolutions of equation system (1,3), satisfying the initial condi-

tions X ({0} = E,. As is well known /1—3/, the characteristic equation of system (1.3)
det | X (2r) — p&,; || = 0, is reflexive

pt— ap® - ap® —ap + 1=0 (1.4)

(e, is the trace of matrix X (2mn), ¢, is the sum of all its principal second-order minoxs)
and together with the root p of Eq. (1.4) has the root 1/p. Consequently /1—3/, for the
stability of systems (1.3} and (1.1} it is necessary that [p;]=1 (j=1,..., 4). Henceforth
we assume the fulfillment of these conditions, If among the roots of Fg. (1.4) there are no
multiple ones, then system (l.3) is stable, but the stability of system (1.l1) still does not
follow from this.

The problem of the stability of the complete system in this case of unequal multipliers

p; has been solved in a number of papers (see /3/). BAssertions on the Liapunov-instability
or on formal stability have been obtained as functions of the coefficients of forms H,, Hy Hy,. . .
(only the case cf a simultaneous fulfillment of several resonance relations has remained un-—
analyzed). The case of equal multipliers is interesting from the theoretical viewpoint be-
cause the complete system (l.1) can be stable even if the linearized system {1.3) is unstable.
In the majority of applied problems the case of multiple multipliers corresponds to the
boundaries of the stability domain of the linear system and, therefore, the problem being
studied here is closely related with the question on the "security” of the boundaries of the
stability domain in parameter space /4/. We note another connection of the problem being ex-
amined with the analogous problem for autonomous systems. We nurber the roots of Eg. (1.4)
in such a way that Imp; >0, prs: =0x (the overbar denotes the complex conjugate, and the
necessary stability condition [p;}=1 is fulfilled). The ccndition jp;|--1 imposed on the
multipliers is equivalent to all the characteristic indices =ik (pr = exp (2nidy)) being  pure
imaginarxy. Then the multipliers of the nonautonomous system can be equal only in one of three
caseg: a) M =4A(mod 1) when p, =p,+F1; b) 24,50, 24 =0 (mod 1) when prF Py = = £
¢) 2k =0, 24, =0 (mod 1) when p; =§F,= 41,9, = p = +1. For autonomous systems in which the
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On the stability of a nonautonomous Hamiltonian system 575

quantities A, and A; play the role of the frequencies of the linear system, case a) corres-—
ponds to the case of equal frequencies (second-¢order resonance) /5— 7/, case b) to the case
of zero frequency (first-order resonance) /8/, and case c) to the case of two zero frequenc-
ies (double first-crder resonance).

The aim of the present paper is to solve the stability problem for the trivial equili-
brium position of system (1.1) in the case when the multipliers of system (1.3) are equal and
the characteristic indices satisfy the relation A;= = A, (mod 1). In the notation adopted
this signifies that 01 =p;= p*==+1, i.e., the coefficient of Eq. (1.4) satisfy the
relation g, =2--4>/4 (a,5% %= 4) and the numbers A1 and A, are determined from them by the
formulas

M=+ %arccos Ltk M:i% arccos—(l;— + ks, (ar=4Rep)
where k,, k, are arbitrary integers. As will be seen from what follows, the answer to the
stability question is independent of numbers &; and k,. Therefore, we can take A, = OAy ==,
where (0 <A <1, A= 1,, § = 41, In actual mechanical problems the case being examined cor-
responds to the boundary of the domain of combined-type parametric resonance.

2. As for the autonomous systems, depending on the elements of matrix X (2m), it is
necessary in the problem being examined to investigate separately the cases of prime and
nonprime elementary divisors of the linearized system's characteristic matrix. At first we
consider the case of nonprime elementary divisors. We note that for applications this case
is more important than the case of prime elementary divisors, considered in Sect.3, since
for the realization of the latter we need, besides the fulfillment of the resonance conditions,
also the fulfillment of certain (equality-type) conditions imposed on the elements of matrix
X (2mx).

Let us normalize the linear system (1.3). According to Liapunov's reducibility theorem
/1/ system (1.3) can be reduced, by means of a nonsingular linear substitution, to a system
with constant coefficients. Many papers (see the bibliography in /2,3/) have dealt with
solving the problem of normalizing linear canonic systems. Below we describe a ccnstructive
method for reducing system (1.3) to normal form, analogous to the method suggested by
Markeev /3/ for the case of unequal multipliers.

Theorem 2.1. A real symplectic matrix N (), continuously differentiable and 2n -period-
ic in t, exists such that the substitution

x = N (t)xl (x, =(a’', ¢, ', PzI)T) (2.1)
leads the quadratic part H, cof the Hamiltonian of system (1.1) to the normal form (8§ = +1)
Hy =8 (a:" +¢") + A (@'p’ —a'py) (2.2)

coinciding with the normal form of the autonomous problem /5,6/.
We prove the theorem by constructing the matrix N (f). We seek it in the form /3/

N (1) = X ()AeBC (2.3)
where
v 1 0 0 0 0 —5 —id
_do o 0 I O K 0 0 2.4
B=lo o _a o |' C—ﬁ 8§ —is O 0 ( )
0 0 —1 —ixr o 0 1 —i

and we select the constant matrix A in such a way that transformation (2.1) is real (i.e.,
N (t) = N (#)), univalent, canonic and 2n -periodic in . We note that transformation (2.1)
leads system (1.3) to the form

dx’

5wy, N =| ?Hy

ax12

dt

independently of the form of the nonsigular matrix A. Since the matrices X (¢), e B, C are
symplectic, fcr transformation (2.1) to be canonic and univalent the matrix A too must be
symplectic, i.e.

ATJA = (2.5)
From the requirement that matrix N (?) be 2n -periodic in ¢ follows the condition

X (2r) A = Ae?B, 2B — (2.6)
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576 A. P. Ivanov and A. G. Sokol'skii

Consequently, in the case of nonprime elementary divisors being considered the matrix e*nB
is the symplectic normal Jordan form of matrix X (2x), while the eigenvectors and adjoined
vectors of matrix X (2a), normalized by condition (2.5), are the columns of the matrix A

reducing matrix X(Zn) to normal form. Therefore, we set A = LD, where the nonsingular matrix
L is some solution of Egs. (2.6) and the matrix D deals with the satisfaction of condition
(2.5) of norming the eigenvectors and the adjoined vectors. Let the columns 1; of matrix L
satisfy the relations

X 2n)ly = pli, X (2n)l, = ply + 2mply, X (2n)l, = pl; — 2npl,, X (2n)l, = pl, (2.7)
Then, having chosen the vectors l; such that 1, = BTZ, 1, = utﬁl and having set
D 0, o4y b , ] oa o
p=|o, vl P'=[o" z| D_‘_.az i

we find that the matrix satisfies Eq. (2.6) independently of di, dy, 1,1y (from (2.7)), and
matrix N (f) is real. Thus, to satisfy the last condition (2.5) it remains only to select d;
and d, from the l; and 1, from (2.7) for this, having rewritten condition (2.5) as ATJA =
DTLTJLD = DTFD = J, we investigate at first the properties of the matrix F =] f,, I, f;n = (1;,
J1,). Since (U, }V) = —(JU, V) is valid for any four-vectors U and V , the matrix F is
skew-symmetric. Further, as when p; 5 p,, from Egs. (2.7) and the choice of 1; and 1, it fol-
lows that fi3 = fa = 0, f13=Jas, f2s = —fas (o3 is a pure imaginary number).
Let us show that f,, = —8 (I3, J]l) = 0. Let M, be the Euclidean space spanned by vectors

l; . We consider its three-dimensional subspace M3 orthogonal to vector J,. It is in-

variant relative to a linear transformation by matrix X (2x). Indeed, if ge M; (i.e.,

(g J1,) =0), then
X 2n)g, N,) = (X (2n)g, IX 2r)l,)/p = (g, )/p =0

The two-dimensional linear subspace M, spanned by vectors 1, and l; also is invariant
and is contained in M, (matrix X (Zx)is nonsingular). Consequently /9/, M, necessarily
contains one more eigenvector of matrix X (2n), i.e., the vector Iy, but this signifies
that f, = (13, J1,) =0. Hence we obtain as well that fy, = fyy (fss is a real number).

Thus, we have established the form of matrix F, and, hence, of matrix ATJA. Equating
the elements of the latter matrix to the elements of matrix J, we obtain the norming relations

di = dy = | (I, I, dy = —dy = —Y,8 (1, Wy)dy®, & == sign (L, JT)

Finally, in the system with Hamiltonian (2.2) we make one more canornic transformation g’ = ¢,”,
px’ = 8py” with valence §. Gathering up the results obtained, for the normalizing matrix

N (¢) now having valence § and leading function I, to form (2.2) wherein & =1, we finally
obtain the expression

— 0. | si
NO=VEX@T s —nsi]igu gl Q=] 57 S 2.0

where vy and s; are the real and imaginary parts of the vectors A; dilh, A, = dyly + d4l, which
are the first columns of matrix A. This completes the proof of Theorem 2.1.

We note that the linear system with Hamiltonian (2.2) is unstable since the general solu-
tion contains a growing term <f the form ¢sin At. However, as we shall subsequently see, from
this there still does not follow the instability of the complete system.

Further in this section we reckon that in the system with Hamiltonian (1.2) the linear
normalization (2.1) with matrix (2.8) has already been effected and that the Hamiltonian's
quadratic part has the form (2.2) wherein & = 1. The notation for the variables is left as
before (without primes).

By the Deprit—Hori method we now make a nonlinear normalization (*)

Gxs px) > (Qxy Py) (B =1,2) (2.9)
in the complete system, such that the new Hamiltonian function
K:K2+..-+Km -if-" (2.10)

is of a simpler form. It is more convenient to make the nonlinear normalization in complex
variables connected with the real variables by the formulas

(2.11)
(@*, &%, pr* p*)T == € (41, Qo P1s D)7

*) Markeev, A.P. and Sokol'skii, A.G., Some computational algorithms for normalizing
Hamiltonian systems. Preprint Inst. Prikl. Mat. Akad. Nauk SSSR, No.31l, 1976.
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where matrix C has been defined in (2.4) and ¢ := 1. In the complex variables (below, the
asterisk denotes that the corresponding function has been written in complex variables)
H* = ih (n*m* + @*pe*) + ¢.*m*, while the coefficients of forms H,*satisfy the relations

htzmv_.v; = (‘”vﬁuiﬁthu.un (2 .12 )

Substitution (2.9) is close to being an identical substitution. Therefore, K, = H, (K,* =
I,*). The coefficients of form K,* are related with those of the corresponding form Sm*
of the generating functicn of the Deprit— Hori method and with those of form G,*, uniquely
determined by the already-known forms K,*, ..., Kmy, Ss* ... Sk 1 Hy*, ... HY |, H,* by dif-
ferential equations of the following type

d ) ;
(?T + lrv:v:u-uz) v + V1 1) 85 v, e — (B2 1) 8%, ve, ety pert = Fevaapts — Evvveppss (Porvapss = (2.13)
AMvi4 ve— i — ), Vit Vot pat pe=m)

We can deal with the function Afvqn. (f) in such a way that Hamiltonian (2.10) is maximally
simplified and that only a 2n-periodic solution of Eq. (2.13) relative to S¥vuu (f) exists.
If the number  Tvvpup. is not an integer or if wv, and p; do not simultaneously equal zero,
then we can set Afvum, = 0. If Tuywup = (an integer) and v, == w; =0, then in K,*it is
impossible to annihilate the term with coefficient k¥,,,.. but we can set

25
, 1 .
l“thﬂWP«z (t) = %vwdhu-z exp (—' ’Tvmmmt) E] MVW.’HIMZ == ﬂ S gthu-uz (t) exp (erlWlhlht) dt

0

(2.14)

Here the numbers (2.14) pcssess property (2.12). We note that the thus-chosen coefficients
of the new Hamilton function are invariant relative to the substitution A — A 4 integer, and
it is precisely because of this (as was noted in Sect.l) we can assume 0<TA<<1.

In order to eliminate the explicit dependence of the coefficients on time we make one
more canonic transformation ({Q*, Pr*) — (Qy**, Py**) by using the generating function T =
(Q1*Py** -+ Q,*P,**) exp (—iAt). Then, finally, in the complex variables the Hamiltonian takes
the normal form (the notation has been left the same for the variables)

K* = Q2*P1* + D) Mo Q¥ Q¥ P Py*™ - Ky + ... (2.15)
Here the summation is taken over nonnegative indices wvi, vs Wi, By such that 3L v+ vy + Bt +
Pe <M, vo2 -+ w250, and rywpp = iV (an integer).

Restricting, as in the autonomous problem /5,6/, the analysis to terms of upto forth
order (m = 3, 4), we come to the necessity of considering three essentiazlly different cases:
1) 3As£N, 4A£=N; 2) 30 =N (because of the condition O0<{A<C1 it is sufficient to
consider only N =1,2); 3) 4A =N (here N =1,2,3). In the case 1) the normal form of the
Hamiltonian in real variables takes the form

K = KO 1+ KM (2.16)

KO =2 (02 + Q) + A(P2 + P2, KO=(P2 + PR (B(Q1Pr— QuPy) + C(Qs* + 0 + Ks + ... (2.17)

and is analogous to the normal form in the autonomous problem /5/. Here the real coefficient
A , needed subsequently, is expressed in terms of the coefficients of Hamiltonian (1.2)
(written after making the linear normalization (2.1)) by the formula

2
1 1(
A = - %a00s, Az =15 S oo (2) At (2.18)

1}

gk * ok * & * * * )
82002 = Paons - Pao10ST002 + 2RT0115%001 + 3ho01253000 + Hz001S0102 + 2RTp0eSter + 3hgo0sSa00

h:o-oz == % (3h0040 -+ h0022 + 3hooo4)

sfhoo = F (3A, hiboo)s skeo = F (3A, hico -+ 385600)
s = F (A, Rgbey), sftor = F (A, hfior -+ 258601
sk = F (=4, hfy),  Sgro2 = F (=2, hjoz -+ S1602)

F(r,y= e [—I(t) + 1—’%], ()= Sf(t)e“'”dt
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R —V_ {(— hooso + Poo12) + i (Roozs — Roons)]
o0 = —.'/‘2: [(3Rooso + hoo12) + & (— Foozr — 3hooos)]

B0 = 2 Vz {(h1020 — 100z — horrr) + i (— hao1y — Roreo -+ Foree))
P3os0= 2 V2 ——== [(B1020 — P1002 + Po112) + & (— P1o11 + Roazo — Roros)]

Rfin = V— [{(— P1020 — ha00z) -+ & (Fro120 + Ror0s)]

Theorem 2.2. If A >0 in the normal form (2.16), (2.17), then the equilibrium posi-
tion is formally stable. If A <0, Liapunov-instability obtains.

To prove the theorem's first assertion we note that the above-described normalizing
transformation (2.9) can be carried out in any order. Then the system admits of a formal
(because of a possible divergence of transformation (2.9)) integral K = const defined by
formula (2.16) in which K® does not depend on time explicitly. Since function K is positive
definite when A >0, by the definition in /10/ the equilibrium position of the normalized
(and, consequently, the original) system is formally stable. The instability is proved in
the same way as in the autonomous problem /5/. We note that when %s0; =0 we have A = 0 and
the stability question is resolved by higher-order terms by considering the expressions

%3003 (P1? + PP, etc., in the normal form (2.16). The theorem has been proved.

Cases 2) and 3) are particular only in the nonautonomous problem. In case 2) the normal

form in real variables takes form (2.16), where now

K — (01 + Qs?) + a (P —3P,Py?) + b (3P2P, — Py), KV =K+ (2.19)

25
1
q=— —‘—Vz— Re %3000, 0=— V_ —=Im %3000, %3000 = 2—05 haooo(t)em"dt (2.20)

Theorem 2.3. If gy 70, the equilibrium position is unstable (the stability question
when g = 0 is resolved by Theorem 2.2).
The theorem is proved by constructing the Chetaev function /11/

= —(Q1P1 + Q:P)K©® (2.21)

whose derivative relative to the equation with Hamiltonian (2.16), (2.19) is positive definite
in the region V >0 (an analogous function was first used by Chetaev when inverting the
Lagrange— Dirichlet theorem).

In the case 3), in the normal form (2.16) now

K® =1, Q2 + Q) + K (Py, Py)

KO = (P + P2) [B (WP, — QP)) + € (@ + @) + &,
KOPY — A (P + PR2R + a (Pyt — 8PP + Py + 4b (P°P, + P,Py?)

2

1 .
a="/3Re %00, b=="/21mns000, %4ooo=2—nggfm(t)e““dt (2.22)
s

Ba000™ = hago0® + 3h2010*S3000* T Aacor*S2200%

Ritooo = l(hooao — hoozz + hooos) + i (— Poost + Foora)]

Theorem 2.4. If the form K©P) is positive definite in Pjand P, the equilibrium
position is formally stable. 1In the remaining case (excepting the case of sign-positiveness,
when the stability question is resolved by higher-order terms) instability obtains.

The theorem's first assertion is proved in the same way as in Theorem 2.2. The instabil-
ity is proved by using the Chetaev function (2.21).

3. Let us now consider the case of prime elementary divisors of the matrix X (2n) — pE,
with py = ps 7 +1. At first (as in the preceding case) we describe briefly the linear normal-
izing procedure for system (1.3).
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Theorem 3.1. A real symplectic matrix N (¢) continuously differentiable and 2=n -period-
ic in ¢ exists such that the substitution (2.1) reduces the Hamiltonian H, of system (1.3)
to normal form

Hy =00 (1 + pi'?) + Yaboh (0. + 2% (3.1)
where the numbers &y = 1 are determined during the linear normalization.
We write the required matrix N (¢)in form (2.3), where now

—A iE,

B —diag (iA, i, —ih, —ih), C==]74

V2
and the arbitrary nonsingular matrix A satisfies the symplecticity condition (2.5) and the
periodicity condition (2.6). We note that now the matrix e?¥® is the diagonal normal form
of matrix X (2n), i.e., A 1is composed of the eigenvectors of matrix X (2n). Once again we
set A = LD and for the columns of matrix L we write relations analogous to (2.7) (the
vectors 1; must be linearly independent),

b ¢ || (3.2)

0 8

y A=‘

X @0l = ply, X @a)lys = plipe (k= 1, 2) (3.3)
Then, having chosen 1,,, = i§;l; and having set
> 0, Pl ds . a0 88, -
p=o, gl P=[5 2l =l T @@= a=ay
(i.e., having satisfied the condition for N (¢)to be real), we arrive at the problem of ascert-
aining the structure of a skew-symmetric matrix F = LTJL. Analysis shows that
Fz“ 0, M =| f13 fuﬂ
—M 0, S162f1a  foa

where we can so choose the vector l; (from the two linearly-independent vectors I, and 1,

in (3.3)) that fi3 =6 (I, ;) 54 0. We write out the elements of matrix ATJA and we equate
them to the elements of matrix J (the symplecticity condition). Solving the equations obtain-
ed relative to the elements of matrix D, we obtain norming relations in which the signs of
8: and 8, in the coefficients of normal form (3.1) are selected such that the subradical
expressions (they are real) are positive. Collecting the results obtained, we finally obtain
for the normalizing matrix N (f) the expression

N ()= VZ_X(t) [l *1, oy 81, Sa| —coshitA sinAt E,

—sinAtA —cosht E,

where ry and sy are the real and imaginary parts of the vectors A; = dil;, A, =d,l; + d,), which
are the first columns of matrix A. This completes the proof of Theorem 3.1.

We note that now, in contrast to the case of nonprime elementary divisors considered in
Sect.2, the linear system with Hamiltonian (3.1) is stable, although even here it does not
follow that the complete system should be stable (see below). To carry out the nonlinear
normalization we pass to the complex variables (2.11) wherein the matrix € is determined by
(3.2). In complex variables we obtain H,* = ik (g:*p1* + ¢.*p,*), while the equztion for deter-
mining the ccefficients cf the generating function of the Deprit— Hori method and the coef-
ficients of the new Hamiltonian takes the form of relation (2.13) in which the last two sum-
mands on the left hand side are absent. Thus, analogously to formula (2.15) obtained for the
case of nonprime elementary divisors, we now have

K* — ZWv.v_.u.u-.'QI*VAQZ*WPI*WP.Z*“’ _I_ K;‘H-l 4 ... (3.4)

where the summation is cver indices vy, vy, 1, B, such that 3w, + v, + M1+ e <My Py, = N
(integer), and the coefficients Xyyg, satisfy the relations

Hppvew: = PV § (Vi) § 2(v;+l,|z)§vm‘h e

analogous to relations (2.,12). Passing in (3.4) to real polar variables ¢, (coordinate) and
ry {(momentum) by the formulas

Qu* = 1V 1y exp (ibuy),  Pi* = —8, Vg exp (—ibygy), (k =1, 2)

we obtain the final erpression for the normal form of the Hamilton function
K = i (— 8y (— By )ostygu [r1HrE M1 5 exp (8 [81 (Ve — pa) @1+ 83 (va — pa) @al) + Knay ... (3.5)

Theorem 3.2. Let 6:8,>0. If kA% N(k, N are integers, k = 3,..., m), then the equil-
ibrium is stable when terms of upto order m, inclusive, are taken into account.
Carrying out the normalization of the Hamiltonian up to terms of order m, we can be
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convinced that the truncated system admits of a positive-definite integral ri + ry, —= const. This
proves the theorem. We note, in addition, that if the number A is irrational, then from this
follows the formal stability of the equilibrium position.

Now let 8;8,<<0 and 3As N, 4L 3= N. The Hamiltonian (3.5), normalized up to fourth-
order terms (in ¢, p;) . takes a form analogous to the normal form in the autonomous problem

/5/

K = K® 4 KO KO = K, + ., . (3.6)
KO = gy, — 28:8,r1ry' 02 (@z011 €08 ¢ — byor1 SiN @) — rary (818,a1111 -+ 289002 €05 20 — 2byg9e sin 2¢) —  (3.7)
281857121512 (@gg11 €05 @ ~+ bognr SIN @) — @ge0 To¥, @ == 0101 — 8uPa Hvvaupe = CQuvaups T By
where the functions Kj, ... are Z2n-~periodic in ¢ and in the angular variables g and .
Let us consider a function @ (¢) =r2K® [ __ _ which is 2a-periodic in one variable ¢ =

8191 — 0,¢; (here 6,8, <C 0).

Theorem 3.3. If form (3.7) is sign-definite in domain r;1 >0, 7r,>>0 for any ¢, then
the equilibrium position is formally stable. If @ (¢) % 0 when 0 < ¢ << 2n, but form (3.7) is
not sign-definite, then the equilibrium position is stable when terms of upto fourth order in
the expansion of the Hamiltonian function (1.2) are taken into account. If function @ (¢)takes
values of any sign (is sign-variable), then Liapunov-instability obtains.

We first prove the assertion on instability, assuming that a value ¢* exists such that
@ (¢*) = 0, but O (p*) %0 (this restriction is unessential). Using the periodicity of @ (g¢), we
choose a number & such that the inequality @’ (¢)<C0 is fulfilled in the neighborhood |¢ —
¢* |<<e . We consider the Chetaev function /3,5,8/

V=[r®—(r1—re)¥sin ¥, ‘P’:zis((pl + g —o* 4e) 2Za 3 (3.8)
As the region V >0 we take the domain r2— (rp —ry)* > 0, g1 -1 ¢, — 9*|<Te. In this region,

obviously, rp=r, 4 Br,%: |P|<<1. For the derivative cof function (3.8) by virtue of the
equations of motion with Hamiltonian (3.6) we obtain

% =7yt [—:— (1 —B) D (¢) cos ¥ — a®’ () sin ‘I"] +o(rs™h

This function is positive definite in region V>0 /5,8/, whence on the basis of Chetaev
theorem /11/ we obtain the instability of the equilibrium position.

Tc prove the theorem's other assertion we note that the truncated system with Hamiltonian
(3.7) has two integrals: K :=const and r — r, == const, and, consequently, admits of the
integral G = (r; —ry)* + [K®]® which is positive definite. Thus, on the basis of Liapunov
theorem /1/ we obtain the stability of the complete system in the fourth order (if AiAz& N,

where k =3,...,m, then from this follows as well stability in the m~-th order, while for an
irrational A, formal stability). Now let function (3.7) be sign-definite in rn and r; for
any ¢. In the system we carry the normalization out to terms of infinite order. This

signifies that function (3.6) does not depend explicitly on time and, consequently, is a
formal integral. Since this integral is sign-definite, the equilibrium position is formally
stable according to the definition in /1Q/. We observe that this assertion of the theorem
is valid also when §;8, > 0. The theorem is proved.

The cases 3V =N and 4 =N for prime elementary divisors was not analyzed in detail.
We note that this problem is analogous to the cases of simultaneous fulfillment of two
resonance relations for multidimensional Hamiltonian systems the study of which is far from
complete even in the simpler variants (see the survey /12/). Finally, all of the results
described above carry over to the case cf a nonautonomous system with =»-+42 degrees of free-
dom if it is assumed that its frequencies A,As..., Ay, are not connected by relations of para-
metric resonance.

The authors thank A.P. Markeev for attention tc the work.
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